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I. INTRODUCTION

Parametric amplification is associated with frequency-mixing devices
which utilize the properties of nonlinear or time-varying reactances, The
function of this reactance is to channel energy from an a-c¢ source to a
useful load. In this sense, the parametric amplification is similar to
the vecuum tube amplification. The vacuum tube is essentially & variable
resistance which converts d-c energy to useful s-c energy. Any resistor
at a non-zero temperatures exhibits noise~properties which places a limit
on useful amplification in a conventional amplifier. An essential and
very desirable feature of parametric amplification is due to its nonlinear
reactance. Since the reactance does not contribute thermal noise to a cir-
cuit, the parametric amplifier can have excellent noise performance.

The discovery of the parametric amplifier came much later than the
discovery of the basiec principles of operation. R. V. L. Hartleyl in 1936
discussed in great detail an electro-mechanical nonlinear capacitance
device very similar to today's negative-resistance parametric amplifier,
With the passing of time, various experimental and theoretical papers were
published describing circuits with nonlinear reactive elements. An impor-
tant one among them was the paper by van der Zie12 in 1948, In this paper
he analyzed mixer circuits containing nonlinear capacitance. In addition,
the bandwidth and the noise factor of mixer circuits were discussed. It
was shown on theoretical grounds that the circuit might have a very low
noise factor.

In 1956, Manley and Rowe3 published their famous paper concerning the

general energy relations of some general properties of nonlinear elements.



Next year, Suhlh proposed a microwave solid-state amplifier using ferrite.
Shortly later Weiss5 announced the.experimental verification of Suhl's
proposal., It was thus almost ten years after the publicaetion of van der
Ziel's paper that a parametric amplifier was built. Since then, parametric
amplification has gained special interest theoretically and experimentally
among meny peop1e6’7. Most of them used back-biased semiconductor diodes
as a nonlinear capscitive reactance for the parametric amplifiers. In
1959, Pohm and Read8 successfully used a magnetic thin film as a time~
varying inductor in a parametric amplifier. Later oa, the thin film
balanced modulator9 and the operation of magnetic thin film parametronlo
were also realized.

One limitation of the single tuned parametric emplifier is its
restricted bandwidth. Typical bandwidths of experimental single tuned
parametric amplifiers at useful velues of gain have been on the order of
1%. That is the ratio of the range of frequencies for which the gain of
the amplifier falls within one half of its maximum value tec the operating
meximum gairn frequency is on the order of 1%. A second limitation of the
amplifier is its potentially unstable and btilateral gain characteristiec.
Multiple~tuned parametric amplifiers have been designed which have improved
bandwidth up to 5%11. Nevertheless, a multiple-tuned parametric amplifier
is still a potentially unstable device with bilateral gain characteristic.

If the resonant structure of either a single or multiple tuned para-
metric amplifier is replaced by a suitable traveling-wave propagating
structure, it is possible to achieve a measure of unilatera) . gain with

improved stability and bandwidth., Theoretical analyses and experimental

investigations have been reported by many people concerning this kind of



traveling-wave parametric amplificationlg"la. Typical bandwidths of around

15% with good stability and unilateral characteristic have been obtained.
A1l the experimental traveling-wave parametric amplifiers have used semi-
conductor diodes as time-varying capacitors. No successful opersation of a
traveling-wave parametric amplifier using time-varying inductors has been
reported yet.

The purpose of this paper is to study theoretically and experimentally
the wave propagation in a periodic traveling-wave structure using thin mag-
netic film as time-varying inductor. The magnetic thin film is electro-
deposited along a pump line which is essentially a transmission line with
series inductance Lp and shunt capacitance CP (see Figure 7). Signal and
idler waves are traveling along another transmission line structure with
series inductance LS and parallel capacitance Cs. A large part of Ls is
contributed by the thin fjlm. The analysis will show that LS along the
signal line is a time-varying function of pump frequency wp and it is due
to this time-varying inductance that the parametric interaction takes place.
The Manley and Rowe relation3 describes how this parametric interaction
will permit a net transfer of a portion of the pump energy into signal
energy. Thus it is possible to obtain power amplification. In the analy-
sis of the signal wave propagating structure, an expression will be obtain-
ed for the gain constant of the signal wave, The mismatch of the phase
constants of pump line and signal line are then considered. Bandwidth and
noise figure are briefly discussed. The effects of resistive power loss in
the signal and pump lines are also considered. The importance of the rela-

tionship between the initial phase angles of pump, signal and idler waves



is emphasized in the latter part of the analysis. Finally, an experimental
_traveling-wave parametric amplifier usinz magnetic thin film coated wire

was constructed and operated to verify the results of the earlier amalysis.



II. DESCRIPTION

A, General Power Relation

3

Manley and Rowe~ have derived a very general set of equations relating
power flowing into and out of an ideal nonlinear reactance. These rela-
tions are é powerful tool in predicting whether or not power gain is pos-
sible in a given situation, and in predicting the maximum gain that can be
achieved.

The circuit model used by Manley and Rowe in their original derivation

is a nonlinear capacitance., They derive the following two power relations

independently.
oo. o _m-p?mn
I I em—=0 (1)
m=0 n== mf°+nfl
W
(-] (-] n mn
I I == () (2)
m==o n=0 mfo+nfl

where
Wﬁn = the average power flowing into the nonlinear capacitor
at various frequencies

fo and f. = fundamental frequencies of the energies impressed

1
across the capacitor
m and n = integers ranging from -« to «
We shall obtain the above two equations simultaneously by using induc-
tance as the circuit model and a simpler method of approach.

Consider a nonlinear inductor with a single-valued characteristic

defined by
i=r(}) (3)
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where

the current in the inductor

e
11}

>
it

the flux linkage

i and A may be expressed as double Fourier series

X = ; ; A ej(mm°t+nwlt) (L)
MTme® =m0 mn
i = ; ; [ o (me t4nu t) (5)

m:-m n=_cn
where

w, =2t = onf,

]

fo and f. are fundamental frequencies of the energies impressed across

1
the inductor.

The voltage v across the inductor is

(-] @

v = %% = E v ej(mwot+nmlt) (6)
m==® pn==0
where
Voo = J(mmo+nml) A (1)

The average power flowing into the nonlinear inductor at various fre-

19

quencies is

*
2 Re[I_V ]
mn mn

~2(mw_+no, ) Re[jImnA;n]

~bn(nf_+nf; ) Re[jImnA;n] (8)

where Re denotes the real part of the expression and * denotes the complex



conjugate of the quantity.

Assume the inductor is lossless, then by the conservation of energy, one

has

«© -]

I I oW =0 (9)
MN==® ==

Equation (9) can be written as

[+:] -]
mn -
DI g (wfgnfy) =0 (10)
nT=® N==0 "o "1

since the summation is taken to include the power corresponding to each

frequency only once. Therefore one can write Equation (10) as

© o  mW ® o oW
mn mn
£ b I ————— X L —————= (11)
o =0 p=— mfornfl 1 m=—% n=0 mi‘o+nfl

From Equation (8) one knows that the quantities
W

—m

mf°+nfl

are independent of the fundemental frequencies f, and fo. Therefore, each

term of Equation (1l) must be separately equal to zero, i.e.

mn
I wome, o © (22)
m=0 p=-w o 1
©w o nW
mn
I I mme— = () (13)
n=-o n=0 mfo+nfl

Equations (12) and (13) are the general energy relations of Manley and
Rowe, The original analysis of Manley and Rowe established each of the
relations of (12) and (13) independently. Actually the general energy

relations are obtained not from conservation of energy alone but depend



also on the properties of the particular device, In the magnetic thin
film traveling-wave parametric amplifier, it is the nonlinear inductance
that causes new frequencies tu arise.

For example, in the case of parametric amplification, we take

£, = fp (pump frequency)

fl = fs (signal frequency)
The structure itself will only allow one lower sideband of fp to propagate.

This lower sideband of fp is fi = fp-fs which is called the idler fre-

quency. Thus from Equations (12) and (13), one gets

W W :
l,s_g l;‘l -
£ trer 0 (14)
o o1

Wo,1 Y11
T " Fer. 0 (15)
1 o1

In terms of subscripts of pump (p), signal (s) and idler (i), Equations

(1%) and (15) can be written as

W Wi

R+F=0 ~ (16)
P i

ﬁ'i Ws
i s

The pump energy (Wb) which flows into the inductor is always positive.
Then, from Equation (16), W, must be uegative. By Equation (17), W, is
negative too., This indicates that the pump power flows into the nonlinear
inductor while idler and signal powers flow out of it. The relations

among these quantities are



WM T T
TTF, CfeT, % (18)
s S P

This frequency mixing relation must then be satisfied by any parametric
device. From Equation (18), we know that signal power W  can be amplified
from a very small value to & value so large that it can be comparable to
Wé. The signal ‘gain of parametric device is due to this kind of energy

transfer interaction.

B, Variable Inductance

The frequency mixing action of any parametric amplification depends
on the variable reactance of the particular device. For this traveling-
wave parametric amplifier, a magnetic thin film time-varying inductance
is used as the variable reactance., An expression for the time-varying
inductance will be derived.

The signal line (idler as well) inductance is obtained by winding the
signal line around a thin magnetic film coated wire (pump line). The mag-
netic thin film is electro-deposited on 5 mil diameter beryliium-copper
wire with the easy direction of magnetization circumferential to the axis
of the wire and the hard direction parallel to the axis of the wire. The
signal coil in which signal and idler currents flow is positioned in such
a way that its fields of the coil is at right angle to the rest direction
of the magnetization vector ﬁi The rest direction of the magnetizsation
vector M is in the same direction as the bias field and the pump field.
The physical arrangement of the signal coil and pump line is shown in
Fig. 1.

When signal current flows in the coil it produces a field Hs which
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Thin film

YR K

s

Signal line —Z Pump line

Fig. l.. Signal coil and pump line arrangement

—gp ¥

Fig. 2. Rectangular coordinate system for thin magnetic film
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tends to rotate the magnetization vectariziaway from its rest direction
(the seme direction as Hp end H ). We define the quiscent angle between
3? and the rest direction as 6. By considering the total energy of the
magnetic thin film, one can determine the relationships between 8, Hs’
Hb and Hp.

The total energy of the film is the sum of the magnetoerystalline
anisotropy energy, the wall energy and the magnetostatic energy. The
magnetocrystalline anisotropy energy is caused by the displacement of the

—
magnetization vector M from a preferred crystal direction. This anisotropy

energy is given by Equation (19).

- Mo,
Wan = —5— sin 0 (19)

where

an
M

anisotropy energy

magnetization vector

6

e

The .wall energy is the energy due to the formation of domain walls.

angle between M and the preferred direction of M

anisotroﬁy field

It is actually the sum of the exchange energy and the anisotropy energy
of the wall. Since the thin film is considered to be a single domain,
the wall energy will not be present.

The magnetcestatic energy is given by the negative of the scalpr pro-
duct of the total magnetic field intensity and the magnetization vector.
The first part of the magnetostatic energy is due to the interaction of

magnetization vector with the externally applied fields. This applied
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field energy is

- T
W ==H - (20)
ap ap
where
W;p = energy due to the applied fields
.
Hap = applied fields

The second part of the magnetostatic energy is concerned with the return
path for the flux of the magnetization vector. The magnetic field inten-
sity of the return path flux, called the demaghetization field, is depen=-
dent upon the shape of the magnetic materiasl. In this thesis the film
geometry is cylindrical with the magnetization vector circumferentially
directed so there is no demagnetizing field and therefore no demagnetizing
energy.

Thus the total energy of the film is the sum of the anisotropy energy

and the applied field energy.

== sin 6 - ap'M 21

where
W = total energy
Since the thickness of the magnetic thin film is very small compared
to the radius of the pump line conductor, a rectangular coordinate system
can be set up in the plane of the thin magnetic film with x-axis in the
hard direction of the film and y-axis in the easy direction (see Figure 2).

Then we can express the applied fields vector as
.I{A ~ -~
ap = % Hx +y Hy (22)
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Then the dot product of the last term of Equation (21) becomes

b4 --IVT =MH sind + M H cosb (23)
ap X y

Hence the total energy can be written as

T=-L 5in®6 ~H M sind - H M cosd (24)
2 x y

The quiscent angle © will be of such a value that the total energy of the
film is minimum when the magnetization vector M is at the angle 0 from its

easy direction. Differentiate Equation (24) with respect to 0 and set it

to zero, one has

aw . .
an - + =
T HKM sin® cos® -= H M cos® + HM sind = 0 (25)

Solving the above equation for sin8, one gets

H
sind = = = (26)
H 4 et

K cos0

Since H (signal field) is much smaller than He (anisotropy field) and Hy
(pump and bias fields). Therefore 6 is small and cos® equals unity
approximately. Thus Equation (26) becomes

H H
X

_ S
HK+Hy HK+(Hb+Hp)

The flux density in the hard direction due to the magnetization vec-

(27)

sinf =

-
tor M is
B, = M sing (28)
Substituting Equation (27) into (28), we have
, K
B, =M _ (29)

b 4 HK+Hy



14

Thus the permeability of the film in the hard direction is

M

HK+Hy

=
I
xmlxw

(30)

As mentioned before, the signal field HS is in the hard direction.

Hence the total flux along the hard direction is
= AL +
¢ uo A 1{s ux Af Hs

For a signal coil of N turns, the flux linkage is

>
i}

N uo A Hs + N ux Af Hs

where
N = number of turns per coil
u_ = permeability of the magnetic material
U _ = permeability of vacuum
H_ = signal field intensity
‘A = cross section area of the signal coil
A, = cross section area of the magnetic thin film

Hs is related to the signal current by

Substituting Equations (33) and (30) into Equation (32), one has

MA
_ .2 hig

Ag =0 (uo A+ oom ) Is
Ky

Thus one gets the signal line inductanée as

A MA

S 2 £
L ====N (y_ A+ o—e=)
s IS o HK+Hy

(31)

(32)

(33)

(34)

(35)

From the above equation, one can see that the signal inductance come
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from two sources. The first term is for air inductance and the second
term is due to the contribution of the thin film,
H represents the field in the easy direction which consists of the

time-varying pump field Hp and the d.c, bias field Hb‘ Thus one has

H
y

H o+ Hp cos mpt (36)

where

punp frequency

W
b

Substituting Equation (36) into (35), one gets

) N° M A,
L =N u A+
s o) HK+Hb+Hp cos wpt
=L + L (-——-—4L---) (37)
a f ‘l+a cos mpt
where
_ ml
L, =N u A (38)
. N° M A,
Lf = -EE:E;_ (39)
i
a = HK+Hb (k0)
Equation (37) can be expanded as
- 2
LS - La + Lf[l-a coOSs l.upt + (a cos wpt) --.c.] (h’l)

Since Hp is much smaller than (HK+Hb), a must be small., Besides higher
frequency modes are not allowed to propagate in the structure. Therefore
one can neglect the higher order terms of Equation (kl1). L, can then be

written as
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LS = LEL + Lf(l-a. cos wpt)
= Jw t
Ll + L e p
= 1, (1 ¥%") (k2)
where
Ly =hy + L
L =a Lf (43)
no= L
L

Ll is the static signal line inductance which will be used in the
following analysis. L stands for the magnitude of the time-varying induc-~
tance. Actually in the analysis of the traveling-wave propagating struc-

ture, the energy coupling inductance L(z,t) is not only time-varying but

also a function of position z. One may write L(z,t) as
L(z,t) = & pfed (Upt-8p2) o omd(uyb-g 2)) (bb)

where

€
i

pump frequency

pump line phase constant

™
]
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ITI. ANALYSES

A. Analysis of the Propagating Structure

The purpose of this Chapter is to investigate the properties of a
time-varying distributed reactance in a propagating structure. We shall
analyze two propagating waves of frequencies, wl and Wye The waves are
coupled through a distributed reactance which varies in time at a fre-
quency wp, and in distance by a phase constant BP. Here wp and Bp are
known as the pump frequency and the pump phase constant. The pump fre-
quency is the sum of Wy and Wy e For simplification we shall assume waves
of frequencies other than Wys Woy and wp to be suppressed in the propagat-
ing structure. This can be done by preperly designing a propagating
structure such that the other side bands are outside the pass band of the
circuit.

Assume for convenience that the Wy and w, waves are carried by two
propagating circuits namely signal and idler circuits. The two circuits

are coupled through a distributed inductance L(z,t) which varies with time

t and distance z. i.e.

%ﬂL(z) e'jwpt + L*(z) e-jwpt]

L(z,t)

_]é._L[e,j(wpt-sz) s 3w t=82)] (45)

As described in the previous Chapter, the variable inductance may be ob-
tained by feeding an electromagnetic wave (generally known as the pumping
wave) to a thin film coated pump line such that the equivalent inductance

of the signal or idler circuit varies with the intensity of the pumping
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field. Equation (45) denotes a forward traveling wave for positive Bp.
The pumping wave is supplied by a local oscillator of frequency mp and
has a power level substantially larger than that of the wl and w2 waves,
L(z,t) is the coupling element between pump power and signal (or idler)
power. We should therefore bear in mind that L(z,t) is not a passive
element. It may absorb or supply power.

Dividing the propagating circuits into small sections, we may repre-
sent each section of the circuits by a filter type network as shown in
Fig. 3. For simplification, the ohmic loss in the circuits is assumed to
be small and may be neglected at first. Let the signal line have a series
inductance Ll and a shunt capacitance Cl’ and let the idler line have a
series inductance L2'and a shunt capacitance C2. The phase constants and

characteristic impedances of the signal line and idler line are

respectively,

_ , g
By = w9y leCl > oy = C,
2 = ¥ ,/Eecz > Zop

Let Vl(z,t), Vz(z,t), Il(z,t) and Ie(z,t) be the voltages and currents of,

(46)

»
!

2
Co

signal and idler circuits, Then we have,

8Vl(z,t) BIl(z,t) 5
—t Ll——-g-{-—+-;§-€[L(z,t)12(z,t)] =0 (b47)
3L, (z,t) V. (z,t

l(z . l(z ) =0 ()-I»S)

9% 1 at



— @

| |
I

L

L(z,t)

L

|

Fig. 3. Signal and idler wave propagating structure

61
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3V2(z,t) aIe(z,t) 3

— L2 —=r— % [L(z,t)Il(z,t)] =0 (49)
oI (z,t) v, (z,t)

--—2-32—-——- + C2 —z—a-t—-— =0 (50)

Differentiate (48) with respect to z and differentiate (47) with respect

to t.
32Il(z,t) 82Vl(z,t)
7 =~ 0 Ttz (51)
9z
32Vl(z,t) BQIl(z,t) 52
—_— e 1, = (L(z,t)I,(2z,t)] (52)
3tdz 1 242 212 2
5V, (2,8)
Substituting the value of 5T in (52) into Equation (51) we have
21, (2,t) 21, (2,8) 2
—_— = C. L, ——————+ C, =— [L(2,t)I,(2,t)] (53)
272 1T 2 1,2 2

Similarly from Equations (49) and (50) we get

———— = (L, = + C, %= [L(2,t)I,(2,t)] >
3Z2 22 3t2 2 at2 o

For parametric amplification, we assume the frequency mp and phase constant

Bp of the pump wave be such that

wp = ml + w2

(55)
B =By *+ B,
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I,(z,8) = % [1)(2)e?2" + I,(z)e™941%]
§ . (56)
I(z,5) = 2 [Iz(z)eJ“z‘“ + I(z)e %"

then the last term of Equation (53) becomes

2 [L(z,4)T, (z,t)]
C, == |I(2z,t)I_(2,t
1 31;2 2

2
& [L(2)e?%" + L (2)e™%%] [1,(2)e?%2® + 1 (2)e™9%2"]
3t

2

C .
= _]’f 3_2- {L(z)IQ(z)eJ(wp-"“)Q)Jc + L*(z)I;(z)e-'j(pr’Q)t
ot

+ L(z)IZ(Z)ej(wp_“’E)t + L*(z)Ig(Z)e'J(“p-ME)t}

2
i {L(z)IZ(z)ejwlt , L*<z)12(z)e'~’“’1'°}
ot

1}
=P

Cw2

- _iﬂl [L(z)I;(z)ejmlt ¥ L*(z)Iz(z)e-jwlt] (57)

1

Similarly, the last term of Equation (5k4) is

a2
¢y 25 [L(z,)1, (2,t)]

2 3¢

C, A2 _
£ 25 ()17 (20692 + £7(2)1, (2)e7%2"]
ot

Cw2

- —253 [L(z)Ii(z)eijt . L*<z)11(z)e‘3‘°2'°] (58)

By substituting Equations (56) and (57) into Equation (53) we get the

following two equations:
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32Il(Z) 2 1 2 »
__325__.= - w) Ly ¢ L(2) - 5 0,° C) L(z) Iy(z) (59)
o_%
3°I.(2)
1 _ 2 * }- 2 %
__;;E—_ = - Ll Cl Il(z) -5 Cl L (z) IZ(Z) (60)

Likewise substituting Equations (56) and (58) into Equation (5k4) we get,

"I, (2) 2 12 *
_3?-— = -w, " L, C, L(z) - 5u,” C, L(z) I,(z) (61)
2 *
I (z)
2 _ 2 ¥ 1 2 d
__525__ = -w, L, C, 12(2) -5 u,” Cy L (z) Il(z) (62)

Now we can see that Equations (59) and (62) are a coupled pair, while
Equations (60) and (61) are another coupled pair. We shall consider the

coupled pair of Equations (59) and (62) only.

I(2) = agz)edB2® I (z) = AI(z)ejelz
,(z) = a,(2)e™P1®, 1i(a) = ag(2)e’Pe? (63)
L(z) = L e-sz s L*(z) =1L esz

Substituting (63) into Equations (59) and (62) and rearranging terms give

the following two equations

82Al(z)

2

2
- B,°A (z) - 2j8
0z 171

¢y (2) = 0 (64)
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*
BQAZ(Z) - My(z) 5,
NCE By Ay(z) + 2§8, —5— + w,y L,Cph5(2)
1 2 _
* 5w, CQLAl(z) =0 (65)

From Equation (43) we know that L is much smaller than L,. The coupling
coefficients in Equations (47) and (49) will be assumed to be constant
with z because the length over which the coupling occurs is much much
less than a wavelength at the pump frequency,' Al(z) and A;(z) are func-

tionally related to the coupling coefficient, hence the terms

*
82Al(z) 82A2(z)
—5— and 5— can be neglected. Besides, from (46)
9z 9z
2 2
By = 130
o 2
By = w5y L0y

Thus the second and fourth terms of (64) and (65) are cancelled out.

Then (64) and (65) can be reduced to

o4, (z) w 2c.1L

I M
b2 B Ay(z) (66)
* 2
3A _(z) =-w.“C.L
p\2) =Wy by
PR T A, (z) (67)

Differentiate (61) with respect to z, we get
2 2 *
3 Al(z) oy C,L 8A2(z)

2 hJBl 9z (68)

2z

Combining (67) and (68), we then have
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2 2 2 2
) Al(z) gy ClC2L

az2 168182

Al(z)

The solution of Equation (69) is of the form

where

gain constant

1

2 2 2 =

) (wl w2 0102L )2
168, 8,

Q
[}

By Equation (46), the gain constant o can be written as

. =% 1%
Zo1%02

Substituting Equation (70) into Equation (66), we get

his, aa,(z)

2 9z
wl ClL

A;(z)

hjsl
2

wl ClL

[a.0e®® - a_ae *%]
1 2

Then the signal and idler current can be written as

I,(z,t) = zRe[Al(z)ej(wlt'Blz)]
= 2Re[(a,e"® + age‘“z)ed(wlt-BIZ)]
I(z,t) = 2Re[ay(z)ed (¥25=822)]
= 2Re[ ZJB (a,0e%? - agae-az)ej(wzt-ezz)]

4 Gy

(69)

(70)

(71)

(72)

(13)

(74)

(75)
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The boundary conditions at z=0 are
Il(o,t) = A cos (wlt +0) (76)

(77)

!
o

Ie(O,t) =
By (74) and (76), we have
QRG[(al+a2)erlt] = A cos (wlt +g) (78)

From (75) and (77) we get

a. = a : (79)
Substituting (79) into (78) we find the condition
hRe[alejwlt] = A cos (mlt + g)
this indicates that
a. = a =AA ejo
1 %" %
Then the final solution of signal and idler currents are

0z, -0z) ej(mlt-Blz)]

Il(z,t) = 2Re[-ﬁ: eJ° (e™® +
= %(eaz + e %%) ros (wlt-Blz+o) (80)
jhe .
I2(z,t) = 2Re[-—2?;L— dé ejo(eaz_e-az)eg(wlt-ﬁ z)
wl ClL
4 [ ™82, 0z -az
_A [Tz -G . _
5 L231 (e"“~e" ") sin (wlt Blz+c) (81)

Now we try to prove that the power relation of the signal and idler

lines agrees with the Manley and Rowe equation. We know that the power
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carried by the signal line in frequency Wy is

\_ 2 FERY
Pl(Z) - [Il (z,%) zol]ave. (82)
By neglecting the decaying wave of Equation (80) we take
I_(z,t) = L %% oog (w,t=B,z+0) (83)
158 =3 157F )
then
2 1 22z 2
I (z’t)]ave. = ﬁ'A e cos (wlt-Blz+o)
_ 1,2 2%z
=3 Ae
thus
1l .2 20z Ll
P.(z) = ¥ A%e - (8k)
1 8 Cl

Similarly by neglecting the decaying wave of Equation (81), the power

carried by idler line in frequency w, is

- 2 .
Polz) = [1,7(z,8) 251 0,
_1,20% 20 [
8" T8, C,
w L
_1,2% 20z [T1
-EA wle Cl (85)

from (84) and (85) we then get

Pl(z) P2(z) ) Pl(Z)+P2(Z)

wy Wo wyte,

(86)

This is the Manley and Rowe relation.

Now we consider the case where the pump line and signal line (idler
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line as well) structures are not ideally matched. That is in the case of

B # 81+62.
7 t
Put B = Bl +B2
= Bl+82+AB (87)
where
]
Bl = Bl+klAB (88)
]
B, = 62+k2AB (89)
kl+k2 =1 (90)

Then we may write

I,(z) = Al(z)e-‘jsl't = Al(z)e~J(Bl+klAB)z

I;(z) = A;(z)ejsl'z = A;(Z)ej(81+kll\6)z

I,(z) '="‘A2(z)e‘382'z = a,(2)e7d(B5tEp08)

I(z) = AZ(z)eJBQ!Z = AZ(z)ej(32’“1‘2‘“1‘)z (91)

*
As before, we consider the pair Al(z) and A2(z) only, The corresponding

equations of (64) and (65) for this more general case are

2
A, (z) 3A. (z)
1 '2 LR 2
I By “A (z) - 2j8) —G—+ w"L,C,4A, (2)
+ X w 2c LA*(z) =0 (92)

271 1772
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*
22ay(2) 1y s Cann(z) L,
2 By “Ay(z) + 238, —f— + w,"L,C oA, (2)
1 2 _
50, CQLAl(z) =0 (93)

By substituting (88) and (89) into (92) and (93), we get

azAl(z) ) 5 o JWEY
-;;5- - (sl +281klAB+k1 AR )Al(z) - 2j(sl+klAB) —
2 1 2 LI
o, LlClAl(z) * 5y clLAQ(L) =0 (94)
* *
2%A,(z) ) o o % 24,(2)
7 - (32 +282k2AB+k2 AB )A2(z) + 23(B2+k2AB) 5
2 ¥ 1 2 _
*u, L202A2(z) * 50, CQLAl(z) =0 (95)
*
0°a (z)  9%A(z)
As before we neglect the higher order terms > and 3 .
9z 3z

The terms k 2A62 and k 2A62 are also neglected because they are much

1 2
s 2
smaller than 28,k A8 and 28k, AB. In addition, the terms g, Al(z),

B 2A*(z) and terms w 2 C.A (z), w 2L c A*(z) cancel out. Therefore
2°2 - 17111 > Yo Tevo2

Equations (94) and (95) can be reduced to

24 (2z)
1 I § 2 *

- JklABAl(z) = =J E—B: wy ClLAQ(z) (96)
*

oA (2)

—2— 4 sxpean(z) = ﬂ%; 0,°C LA, (2) (97)

We now can see the importance of Ag., If klAB and k2AB are much
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w 20 L w 2C2L

larger than lﬂgl and 2h8 , We can neglect the last terms of Equations
Tl 2

(96) and (97). That means the coupling effect due to the variable driving
inductance L vanishes. Therefore in order to obtain the growing wave
effect, we must keep AB as small as possible. Let us now investigate the
case where these terms have comparable magnitudes. Equations (96) and

(97) can be written as
2

w, C.L
3 171 ¥ -
[5; - jklAB]Al(z) + j——ﬁgz— AQ(Z) =0
2 (98)

222y s s skasla"(a) =
J 582 1'% 3z | 95pnPIf,

Combine the above two simultaneous differential equations into a single

ordinary differential equation with dependent variable Al(z). We have

dgAl(z) aa, (z) ) w12w220102L2
dz2 + J(kg-kl)AB —5—+ (klszB - 166162 ) Al(z) =0

(99)
In the actual construction of the traveling-wave structure, the sig-
nal and idler waves are traveling in the same element. Thus, for our

degenerate case we have

kl =k, =k (100)

Cl = C2 s L, =1L (101)

Therefore Equation (99) reduces to

d2Al(z) w12m22C12L2 s o
dz 172
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since
kl + k2 =1
thus
= - =1
k = kl = k2 =3
if
w.w, C.L
2
a] < |22
b /8132
Then solution of Al(z) is of the form
A (z) = a ea'Z + a e-m’Z (103)
1 1 2
where 3
w12w22012L2 1 5 2
of = =g - G)]
172

With the same boundary conditions as in (76) and (77), the final solutions
of signal and idler currents are in the same forms as in Equations (80)
and (81) using o' and B' instead of o and B. Equation (103) still repre-
sents the existence of a growing wave, but the gain constant of the struc-
ture is reduced due to AB.

If

wleClLI

L /6182

then the solution of Al(z) is of the form

1
1588] > |

a(z) = aleJ“'z + aee-'ja'z (104)

where
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o0 2 221
Wy @, Dy L 2

168,8

= [(228)? -
2 12

*
From Equation (96}, AE(Z) can be found as

da. (z)
L [—— -k, 084, (2)]

*
AQ(Z) ) w 20 L
1l 71

1
B M2 - (2

—= U5 -((0)? - 7)%1a %2

+ a2[é§-+ ((ég)z 2)2] J‘{(AB 2. 2] } (105)

where
2 2,22
w, w, C. L
2
= 22 (106)

t = 1688,

As in Equations (T4) and (75), the signal and idler currents can be written

as

I,(z,t) = 2Re[A, (z)ed (41t=B12);
1 1
NN A8\2 2.2
= 2Re{[alej«-25) - )z + aze-J«-?S -7) z]ej(wlt-Blz)}
(107)
I(z,6) = 2RelAy(z)ed (925-F22)]
1
l —
28 = ABy2 2, 2
= 2Ref—5- [a, (28 - (257 - PPyt ()" - ¥y,
wl ClL

P

AB ., ABN2 25 [[48)2 2]2 ( )}
[25 + ((F2)° - 2)P)e™d LiTah = 5l dluyt=B2)0 - (408)

+

)
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Suppose the boundary conditions are

Il(O,t) = I,, cos (wlt + o)

0

Iz(O,t)

From Equations (107) and (109) we have

' Ju ty _
2Re{[al+a2]e 1°} = I, cos (wlt + g)

10
From Equations (108) and (110) we have
1

(28 - (382 - P)%1a) + (2B + (2B)% - 7%

Solving Equations (111) and (112) we get

1
jorAB AB\2 2.2
L (P - B
1 1
u((2)? - £7)2
Y
JoAB AB\2 2,2
) I ¢ [—2-- ((—2') - z7)°]
82 =
1
2

M((B)? - 7

Substituting (113) and (114) into (107) and (108) we have
A 1
£°1 e (252 - B)°

10

1

2

Il(z,t) = Re{ T
2

2((%0)? - 157 L _ (&2 - B

=

(B2 - B

- 1
AB AB\2 2.2
=+ ((5)° - %)

 jed (w581 z+0) |

-] 8

=0

(109)

(110)

(111)

(112)

(113)

(114)

(115)
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2 hi

JLoBII =
I,(z,t) = Re[-—-—é—l-!'-g- [sin ((-A—g-)"2 - £2)25]ed (0pt=Byzta)y (116)
ml ClL

Another form of writing signal and idler currents is

C2Ilo
Il(z,t) = T
A
2((%)? ~c%)°
: 1 1 .
ABy2  2\3 e Cain ((BBy2 242 _ .
[cos (( 5 =)z cos (mlt Blz+o) sin (( 2) 57)%2 sin(mlt B1z+0)
1
AB AB\2 2,2
| 5 - ()" -7%)
Y 1
COS((A—S- 2 .93 cos(w, t=B1z+0) + sin((-A—g)2 - %)%, sin(w t-1z+a)
- i
AB AB\2 2,2
o 1
-z BI 5 '
I(z,t) = ——230 sin ((28)2 - %)%, sin(w, t-8 z+0) (118)
2 2 2 2 2
wl ClL

From Equétions (117) and (118), we see that the signal and idler currents
are sine and cosine functions of z. This if AS is larger than the gain
factor ¢, the gain of the structure varies periodically instead of growing
exponentially. Nevertheless, it still has consiferable gain due to the

factor

2
4 .
1l pl

2((48)2 - 2748 . ((48)2 = B)7)
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B. Bandwidth
A number of workers6’8’lo’ll have discussed versions of parametric
amplifiers which use a single variable element and one or more resonant
circuits. This type of parametric amplifier gives high gain but is
extremely narrow band, It is possible to distribute the variable elements
in a nonresonant, propagating circuit and obtain the advantages of greatly
increased bandwidth and more stable operation.

Our traveling-wave parametric amplifier is intended to obtain the

advantage of wide bandwidth., In order to get the parametric mixing effect,

we require that

w=wy + w, , (119)

B = 31 + 32 ’ (120)
ordinarily

B =8 + B8, + LB - (121)

For the most efficient operation A8 should be equal to zero. The pump
frequency ‘w and the pump phase constant B are assumed to be fixed. 1In
order for the condition of (119) to be met, a change in frequency from Wy
to (wl+Aw) requires a similar change in 0, Similarly a change of phase
constant from Bl to (Bl+AB) requires a similar change in 82. Thus, for

broad-band operation, we require

dwy _ (4w
(-55),1 = ( de)2 (122)

that is, the group velocities of the signal and idler circuits must be
equal, Since we use the same propagating structure for both the signal

and idler waves, a change in frequency Aw will produce some change, AB,
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in the phase constant. Thus we define the bandwidth of the amplifier as
the Aw which causes the deviation of AB to reduce the total gain of the
amplifier by 3 db,

Assume the length,of the traveling-wave structure is L. Then the

total gain for the most efficient conditions is

wQCL

_ 171
ol = _E'El_- L nepers (123)

The total gain of the amplifier with mismatech in phase constant AR is

1
“’11‘0121’2 1,.12.2
a'f = [-————-75- - (EAB) 172 nepers (124%)
168l

By the above bandwidth definition, we have

0.1 w. o 22 &
8.68 x {—h——wl Lo (28)%1%) = 3 4. (125)
. 3 2 2 el .
1 168l
assume
y 2.2
w, C., L
Ag2 < AL
Lg 2
1
We then have from (125)
w. 2C. L w.2C.L 2 d
3 = 8.68¢ 11, _ 11, (1 - AB ]2}
* EBl 561 L. 22
ml Cl L
hg 2
5 1
BlAS
= 4,34 5 ' (126)
C.L '
“1 %1

Hence
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w, " C,L 8.n
_ /3 11" 1

The larger the AB the wider the bandwidth. Thus, for wide bandwidth
operation, we would iike to have n as large as possible, n 1s defined in

Equation (L43).

C. DNoise Figure

Parametric circuits are expected to have excellent noise performance.
The noise subject is a complex one and a complete and rigorous treatment
of it is far beyond the intent of this section.

Let us investigate the noise figure of our particular circuit struc-
ture., For simplification, we consider the lossless case and assume ABR=0.

For the non-degenerate case, assume signal circuit (wl) is at tempera-
ture T, and idler circuit (wg) is at temperature T2. Then the noise input

1

of the signal and idler circuits are

N, =KT B (128)

N,, =KT,B (129)
where

Nli and N2i = noise inputs of signal and idler circuits

K = Boltzman constant

Tl and T2 = temperature in degree Kelvin of the signal and idler

cirecuits
B = bandwidth in c.p.s.

For our traveling-wave parametric amplifier with length £ and gain
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constant o, the noise output NlO due to Nli at wy is

208
Nlo = K Tl Be (130)

The sbove equation is obtained by neglecting the decaying wave in Wy e

Since noise energies observe the same Manley and Rowe relation, the noise

output at Wy due to N2 is

(11}
N, =-2kT, B (1) (131)
20 w2 2

Thus total noise output at wq is

(4]

Npg = K T; B R Z)l KT, B (ez‘”‘-l) (132)

TO 5
Noise figure is defined as the ratio of the noise to signal ratio at the

output to that at the input. Assume

input signal energy = A

then,
output signal energy = A eQaQ (neglect the decaying wave)
Hence
ANy
Noise figure F = ————— (133)
2a8
Ae /NTO

Equation (133) can be written as

wy T 208
_ 172 (e 7"=1)
F=l+ e 7%l (13%)
271 e

From the above equation we know thet in order to obtain a better noise
figure the idler circuit temperature should be kept smaller than the sig-

nal circuit temperature. Nevertheless, for our degenerate circuitry
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(i.e. w0, s Tl%Tz), the noise figure is at most 3 db which is an excel-

lent noise figure.

D. The Effect Due to Resistive Loss of the Signal Line
The signal coils for this type of amplifier are wound with very fine
wire which has considerable resistance, thus it is appropriate to investi-
gate the effect of this resistive loss on the amplifier performance.
Fig., 3 can be redraﬁn as shown in Fig. 4 with Rl representing the
series resistance of the signal coils and R2 representing the resistance
in the idler circuits.

Let V. (z,t), V2(z,t), Il(z,t) and Ig(z,t) be the voltages and currents

1

of signal and idler circuits. We then can write

BVl(z,t) aIl(z,t) 5
—— t Ly~ ¢ RlIl(z,t) + SE{L(z,t)Iz(z,t)] =0 (135)
3L (z,t) v, (z,t)
1\ 1Y)

5z T 0T =0 (136)
3V2(z,t) 3I2(z,t) .
——t L, S+ R212(z,t) + SE{L(z,t)Il(z,t)] =0 (137)
312(z,t) aVe(z,t)

5z ST =0 (138)

After combining Equation (135) with Equation (136) and Equation (137) with

Equetion (138), we obtain

aaIl(z,t) aeIl(z,t) oI, (z,t) )2 ()T (e0)]
———— = (L, ===+ C.R, = + C. ==[L(z,t)I_(2z,t
az2 11 at2 171 ot 1 at2 2

(139)
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| |

|
2

- Fig. 4. Propagating structure with resistive loss

6€
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51 (z,t) 3°1 (z,t) 3I,.(z,t) 2
""ELE?-" = Coby "'2;7?"' * CoRy "%%?"" * G é'ii[L(z’t)Il(z’t)]
3z 3t 3t
(1%0)
As before, put
_ Ju,t * -Juw.t
Il(z,t) = Il(z)e 1° + Il(z)e 1
_ Jw,t # ~jw,t
Iz(z,t) = I2(z)e 2”7 + Iz(z)e 2
* -
L(z,) = 2{L(z)e?® + 17(z)e™] (141)

Substitute relations (1L41) into Equations (139) and (140). After some
maenipulation we can get two pairs of simultaneous differential equations.

*
The pair of equations concerning Il(z) and I2(z) are

2
9°I. (z)
1 _ 2 1 2 )
._:;;5._ = - clLlIl(z) + jwlClRlll(z) -5 Cluy L(z)Iz(z) (142)
2 *
3°I,.(z)
2 _ 2 * . * 1 o_#
-—-a—z?— = - w2 C2L212(Z) - Jw2C2R212(Z) -3 C2w2 L (Z)Il(z) (143)
now put
I,(z) = Al(z)e-jBlz . I(z) = Ae(z)ejszz
L(z) = Le 982 . L'(z) = 1edf2 (1hk)

Substituting relations (1lh4) into Equatioms (142) and (143), we get

32Al(z) 24, (2) » 5
7 - 2331-—5;- - 8 Al(z) = -4 ClLlAl(z) + jmlClRlAl(z)

1 o *
- 5'01“1 LA2(z) (1ks5)
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o % *
37A,(z) 34,(z) 5 % 5 s 5
2 t 258, =5 - By A5(2) = - w;"CoLoA,(2) - JuyCoRHA,(2)

- % 02w22LAl(z) (146)

After some cancellation and simplification, Equations (145) and (146) can

be reduced to

S 1 o ®
(-QJBl e " leclRl)Al(z) + 5 Clu; LA2(z) =0 (147)

iq O * i 2 -
(2382 57+ Jw2CQR2)A2(z) + 5 Cou, LAl(z) =0 (148)

Combining the above two simultaneous equations into a single differential

equation with dependent variable Al(z), we have

aeAl(z) aAl(z)
kg, 8, 2 *+ 25w C Ry By + wyCoR,8) ) —5-
1 2 2.2 _
+ (wlw20102R1R2 - § C3Com, “w,"L )Al(z) =0 (1k9)

The solution of Equation (149) is of the form

A (z) = a; ef1?% + 8, el 2% (150)

where

Ty o= Iﬁ;ﬁi;(wlclRlﬁl + wyC R,B,)

1
_(“’101R181+‘”202R232)2 c b wccrR. - Xo.c 0 22?2
28,8, BB, 1271727172 TC%% 2

+

-

(151)

For our degenerate case, we have

then Equation (151) becomes



1
2,2, 2 Y
. w,C R w, C. R 2
= _ ir 213y 1711 2
1,2 Fp (0GR ) + 55— 7+ W]
1 B
1
= 4+ jBr l ar (152)
The amplitude of the signal current can then be written as
_ _JBrz arz -QArz
Al(z) =e [al e’ +a,e 1 (153)
where
w,.C.R w.C.R
_ 1711 _r.2 5,°1°1°1,2 .
R S Lt e (15%)

From Equation (153) we see that an additional phase constant Br is
introduced by the lossy coils. In addition, the gain constant @, is
reduced due to the resistance Rl. Thus the resistive coils complicate

an optimum design for the amplifier.

E. Initial Phase Angles Consideration
In the following analysis we shall determine the relationship of the
initial phase angles of the signal, idler and pump waves to the gain con-
stant a. Finally we shall briefly consider the effect of pump line losses
to the signal gain.
The degenerate signal wave propagating structure is shown in Fig. 5.

The voltage and current relations for this structure are

i _ . 3v
ov _ da(Li)
- === (156)

where i and v are both functions of time t and distance z.
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Fig. 5. Degenerate wave propagating structure
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From Egquations (155) and (156) we can get

2. 2,.
2Ll-c?2 (12) (157)
3z ot

now put
L= Lo(l+61p) (158)
= I (1+8I_coswt)
(o) P

Compared to Equation (42), we know that

=0
§ = Ip (159)

then Equation (157) becomes

2. 2. 2(i 1)
9—%-= L, 9-% + 8CL_ d_ 2 (160)
5z dt at

As before, assume the propagating structure can only pass signal and

idler waves. Thus all the higher frequency waves are attenuated, so we

assume
i= Ilcos(wlt-61z+cl) + Izcos(w2t-82z+02) (161)
i =1I cos(w t-8 z+o : 162
P b ( D BP P) ( )
where
il = signal current
i2 = idler current
ip = pump current

o's are initial phase angles ,

Thus we have



ks

[
e
H

I Ipcos(wlt-

o 1 z+ol)cos(wpt-8pz+cp)

By

+ Ingcos(th—Bzz+02)cos(wpt-spz+op)

IlI
<+ - -
-Zrlqcos(mlt mpt Blz sz+ol+op)

1

+ cgs(mpt-w 1

t-BPz—B z-op_cl)]

II
2
+ -Erlqcos(w2t+wpt-6pz-82z+02+op)

+ cos(wpt-w t-sz+322+aP—02)] (163)

2

By discarding the higher frequency components, Equation (163) becomes

IlI
1p i= —E-E-cos(wet—62z+op-ol)

(16L)

IEI
+ —5—2 cos(wlt-Blz+ap—02)

Substituting Equations (161) and (164) into Equation (160), we get

2
9
;;5{;lcos(wlt-slz+ol) + Izcos(wzt-822+o2)]

2
_ 3
= CL, SZE{Ilcos(wlt_BIZ+cl) + Iacos(wzt-82z+02)]
a2 IlI 121
+ CL, ;;5{—5—2 cos(wzt—82z+op-ol) + -Erg-cos(wlt-ﬁlz+op-02)]
(165)
Since I, and I, are functions of z only, the left side of Equation (165)

can be expanded as
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2

3
8Z2[Ilcos(wlt-81z+ol) + Izcos(wet-82z+02)]
&°1 5 dIl
= > cosel - IlBl cose1 + 281 51nel EE—
dz
ar 5 a°1
+ 282 siné, === - 1282 cose2 + dzz cose2 (166)
where
6, = wt - B2+ 0 n=1,2,3 . (167)
Right hand side of Equation (165) becomes
a2 a2 IlI
CLo —E[Ilcosel + I2cose2)] + 8CL —2-[—-'92 COS(Gz—lD)
ot ot
121
+ ——22 cOS(Gl-w)]
2 2 IlI 2
= -CL_w,“I,cos0, - CL w,"I,cosb, - SCL_ —22 W, cos(ee-w)
I2I 2
- 6CLO —-P-2 wy cos(el—w) (168)
where
P = g, + 9, + 03 (169)

From Equations (165), (166) and (168), we have
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d2I ar dI

2 . .
cosel - IlBl cosOl + 26151n91'ag— + 26251n62-az—

dz2

2

a I
- I282 cose2 + > o
dz

_ 2
cosf,, = - CLowl Ilcosel

> Li, » L, »
- CL_u, 12c0s62 - cSCLo == w, cos(eg-w) - GCLO 5wy cos(el-w)

(170)
We can get two independent equations from Equation (170) for w, and w,

respectively. For Wy, We have
ar dQI

. 1 1 2
ZBlsmel E;—~+ cosel dzg - Ilﬁl cosel

2 I2I 2
I.cos6, = 60LO —E-R W cos(el-w) (171)

= - CLjw; Iycos6, 1

For Wy W have
al dZI

2 2
- 1282 c0562 + cose2 >
dz dz

26251n92

2 L, 2
= -CLow2 I2cose - GCLO = w cos(ee-?) (172)

2 2

By separating the phase quadrature components, we get from Equation (171)

a1, - 1
4g) === - GCLOIQIpml siny (173)
2
aI I.I
1 _ 2 2 2D 2
dz2 = I8y - CLw I - GCLo 5 Wy cosy (17k)

Similarly, from Equation (172), we get

dI

2 _ 2,
Ug, —5= = =0CL I, T, sin (175)
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a“z 1.1 2
2 _ 2 2. _ 27p w., cosy (176)
5= I,8,° = CL w,"I; - 6CL 5 1

dz

Since

ar, dZIl ar, d212

B3 > — 2 = By T3

a2 dz

we need only to consider Equations (173) and (175).

Differentiating Equation (173) with respect to z, we get

2

d Il GCLo 5 dI2
w2 L E i

Substituting Equation (175) into Equation (177), we have

2
d Il 1

2 168182

. 2
~ (GCLOIp51nwwlw2) Il , (178)

Thus, the gain constant o is

6CL_I_sinjw,w
@ = o p 172 . (179)

Y /8.8,

Equation (179) shcws that the gain constant changes periodically as func-
tion of y. At the optimum condition (i.e., sinw=l), the expression for
gain constant is the same as in previous analysis. Thus the solution of

Equation (179) can be expressed as

Il = a, cosh az + a, sinh az (180)

and the initial condition is

Il(z) = Ilo at z=0 .,
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Therefore the signal current may be written as

Il = I, cosh az . (181)

From the Manley and Rowe relation, we have

Hd
o

1 2

thus the idler current becomes

w
= [2
0= 3 1nl

The initial condition for 12 is

Ig(c) =0 .

Thus the solution for idler current is

g
N

Ie(z) = BI IlO sinh az . (183)

Equations (181) and (183) are in agreement with Equations (80) and (81).

F. The Effect of Pump Line Loss
Now we shall consider the effect of the pump line loss on the signal
current. Assume the attenuation of the pump line current is ap which is

mainly due to the series resistance of the pump line. Thus, we have
I =1 e %p? (184)
Then the gain constant of Equation (179) becomes

8CL _sinyw. w
a = 2 1.2 I e-apz = q e-apz (185)

Y o °
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where

. GCLowlm2 Ipo siny

o h/-B—l—B-;-

From Equation (181), we get

z
Il = Il0 cosh oz = IlO cosh £adz
z -0_Z % -0_2
= IlO cosh £ao e p dz = Ilo cosh E; (1-e p°)

(186)

Equation (186) shows the extent to which the pump line attenuation

limits the signal current gain. This interesting effect is shown in Fig.

o

6., At n = EB = 0.5 the gain is limited to around 10 db instead of increas-

ing exponentially. Thus in order to obtain higher gain, it is important

to keep the pump line loss as small as possible.
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N
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Fig. 6. The effect of pump line loss
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IV. EXPERIMENTAL WORK
Before entering into the design detail of the traveling-wave para-
metric amplifier, a formula for calculating the pump line inductance must
be derived.
The flux density of the thin film in easy direction due to the mag~
netization vector ﬁris (see Fig. 2)
By = M cos® (187)
Since 6 is small, cosb is equal to unity. Thus the flux linkage per unit
length of the pump line is
A= Mt (188)
where
t = the thickness of the thin film,

Thus the inductance per unit length due to magnetic thin film is

A Mt
L .= = (189)
pf IP+Ib Ip+Ib
The inductance per unit length of a conductor with radius r, is
u
- .9, 2h : (
Lo =35 ™0 3 {190)
o)
vhere
h = distance between the conductor and the ground.
Therefore the total puimp line inductance per unit length may be
expressed as
L =L . +1L
p pf  Tpa
Mt Yo 2h
= + == In —=— (191)
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From Equations (L43), (38) and (39), the inductance of the signal line

may be expressed as

5 szf
L. =N Hy A+ (192)

! ety

The following parameters are used for calculating the inductances:

M 10000 gauss 1 weber/m2
HK 2.5 oe 200 a~t/m
& °

15000 A 1.5
Hb 2.5 oe 200 a~t/m
r 2.5 mils 63.4 u
h 2.5 cm 0.025 m

The calculasted pump line inductance is 0,129 yh, The pump line generator
output impedance is 50 ohms. Therefore the pump line is designed with a
50 ohm characteristic impedance. That is

L

c —P?= 51,5 uuf

b

zop
Therefore the pump line capacitance is chosen to be 50 upf.
The calculated signal line inductance with number of turns N=270 is
5.73 uh per section. The phase constants of pump and signal lines per

section of signal line are

2w L C
p P PP

15 9 1% (192)

B

B

The very important condition that must be satisfied by the phase constants

is
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B, =B, + B, (194)

For the degenerate traveling-wave parametric amplifier, we take

1 P2
917 %
w, = 20y (195)

Substituting Equations (193) and (195) into relation (19k4), we have

2 V/ﬁ;E; = V/EIEA (196)

where
L = 0.129 uh
o 9
C = 50 ppf
b 50 u
Ll = 5.73 uh
thus
L1 ¢
C, = Ll = 4,5 upf

The circuit of Fig. T was constructed using the above values for

0} = Cg» C» Iy = I,

pump line and signal line respectively. E is the variable d.c. source

and Lp. RLp and RLS are load resistances for the
for supplying the bias current of the pump line. Lcl and Lc2 are chokes
to prevent pump current entering into d.c. bias circuit. Vp and Vs are
pump source and signal generator respectively. The transformer Ts is
used to match the low signal generator output impedance and the high
characteristic impedance of the signal line.

A photograph of the test model is shown in Fig. 8. A Collins type 325-1

transmitter operating at about 14 mc/s was used as the pump source. A
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Fig. 7. Experimental Arrangement
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signal of about T mc/s was connected to the signal line. The voltage
distribution along the structure was measured by means of a Hewlett-
Packard Model 150A oscilloscope. It was apparent that the signal did
not grow exponentially along the structure; rather, the signal actually
appeared to vary periodically along the line. This periodic variation
is maily due to the mismatch of the phase constants of pump line‘and
signal line. It could be caused by the following factors:

(1) The capacitors used for constructing the propagating structures
are of 20% accuracy.

(2) The calculated inductances for the pump and signal lines may
be different from the true values due to the deviations of the thin
film thickness and other parameters from the specified wvalues.

(3) As shown in Chapter III, the resistive signal line loss changes

the phase constant and the gain constant also.

Thus the value ofég-may easily exceed that of the gain factor z. In such

2

a case, instead of the exponentially growing signal current of Equation

(80), Equation (117) will be the appropriate expression for the signal

current. Gain of the signal will be produced when ég and 7 are almost
i
equal, If [(A-g-)2 - ;2]2 is very small in comparison with Ag, Equation

(117) cen be written as
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2 1
Il(z,t) = ?ZE%% cos [(Q% 2 _ c2]2z cos (wlt-siz+o)
2
"I, s 23
- l.Sin [075) - 1%z sin (wlt-Biz+o) (197)
(52 - B°
The normalized expression for signal gain is
1 1
IJI.;Z) = cos [(-L-\-g-)Q - c2]§z + < T sin [(é_g_)e - c2]§z
(2592 - B2

Fig. 9 is a comparison of calculated gain and experimental gain

1 1
A§02 - §2]2z in electrical angle. The value of [(Ag 2. C2]2
is found to be 0,0945 rad/cm. The arrows on the figure represent the

versus [(

extent of the.scattered data which were measured along the signal line.
The solid line represents best fit. The dashed line is the calculated
curve,

As shown in Equation (179) of Chapter III the gain constant is a sine
function of the initial phase angles of pump, signal and idler waves. The
initial phase angle relstionship of the present pump source and signal
generator changes continuously. Thus, at each fixed point of the signal
line structure, the gain of the signal is observed to have & sinusoidal
variation. Therefore, with constant input signal frequency, it is very
important to maintain a constant pump frequency.

The gain of the amplifier is a function of ¢ which is in turn




w
2

Fig. 9. Periodic variation of the gain of signal current

8s



29

proportional to the variable inductance L. From Equations (43) and (L40),
we know that L is proportional to a, which in turn is proportional to the
pump field Hp. Thus we observe a substantial increase of the gain of the
amplifier by increasing the pump power. A smaller amount of Gecrease in
gain by increasing the bias field is also observed. This is because Hb

is in the denominator of Equation (40) and its value is comparable to that
of HK‘ The bandwidth of the experimental amplifier was measured to be

around 15%.
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V. SUMMARY

The purpose of this investigation was to study analytically and ex-
perimentally the wave propagation in the periodic traveling-wave struc-
ture using a thin magnetic film as a time-varying inductive parameter.
The ferromagnetic thin film was electro-deposited on 5 mil diameter
beryllium-copper wire with the easy direction circumferential to the axis
of the wire and the hard direction parallel to the axis of the wire. This
fhin magnetic film can be used as time-varying inductors which couples the
pump power into the signal line, thus producing parametric signal gain.

The analysis has shown that an exponentially growing signal wave is
possible under certain favorable conditions. The mismatch of the phase
constants of pump line and signal line reduces the gain constant of the
signal. For larger mismatch of the phase cohstants, the signal gain
varies periodically instead of exponentially. Bandwidth and noise figure
of the thin film traveling-wave parametric amplifier are briefly discussed.
It was further shown that the resistive loss of the signal line reduces
the gain constant and also changes the phase constant of the signal line,
thus complicating optimum amplifier design. It has also been shown that
the gain constant changes periodically as function of initial phase angles
of pump, signal and idler waves. The limitation of the gain of the ampli-
fier due to the pump line loss was also considered.

An experimental thin film traveling-wave parametric amplifier was
constructed to investigate its performence. The periodically varying
signal gain was observed along the signal line which is mainly due to the

mismatch of the phase constants of pump and signal lines. The continuous
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changing of the initial phase angle relationship between signal and pump
caused the sinusoidal variation of the gain constant of the signal. As
predicted in the theory, the gain of the amplifier increases with increas-
ing pump power. The effect of bias field of the thin film was also observ-

ed as predicted. The bandwidth of the experimental amplifier was measured

to be around 15%.
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